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In 1954 Batchelor [1] showed that similarity solutions were possible
for turbulent buoyant plumes in stratified environments, if the stratifi-
cation were of power law form. For the unstable case he inferred the
possibility of the spontaneous generation of plumes since no source of
buoyancy was required at the origin. The solutions for a stably-strati-
fied environment were dismissed as being physically unrealistic since the
buoyancy required at the origin was infinite.

In the following paragraphs we shall repeat Batchelor's analysis, and
shall extend it to show that for a given power law stratification, solu-
tions at all heights collapse to a single curve when normalized by the dis-

tance from the source and the local buoyancy flux. Moreover, it will be

argued that the solutions for stably stratified environments are, in fact,
physically  realistic. The analysis w111 be substantiated by some recent
measurements in axisymmetric turbulent plumes. Finally, it will be suggest-—

ed that stratification is a major cause for the variety of '"neutral" pro-

files in the literature.

The Similarity Analysis

We consider an axisymmetric plume rising in a stratified environment;
z is assumed to be the vertical coordinate opposite to the gravitational
acceleration and r is the tradial coordinate. To within the Boussinesq

approximation, the averaged equations of momentum and buoyancy are
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In equation (1) the pressure gradient has been eliminated using the r-mom-

entum equation and the streamwise gradients of the turbulent normal stress

difference and the axial heat flux have been neglected. Note that the

stratification of the ambient environment is expressed by the fact that T,
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is, in general, a function of height.

We seek similarity solutions of the type

r/%(z) g8(T-T,) = T_(z)p(n) ghvt = W_T_h, (n)
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By eliminating V from the continuity equation and substituting the equations

(3) into equations (1) and (2) we obtain
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Since the relative dynamical effect of each term in the equations can be in-
dependent of z only if the bracketed terms are 1ndependent of z, similarity
solutions exist only if WS R/WS, T'Sz/TS, L', T 2/W , and (Z/Ts)d(gBTm)/dz
are constants. The first four conditions are prec1se1y those obtained for
the neutral environment; the fifth condltlon is seen to arise from the
stratlflcatlon.

It is immepiately obvious that 2 ~ z from which it follows that Wé~ 2"
and T ~ zZn—l are the only possible solutions where at this point n is
arbitrary. The fifth constraint can then be satisfied only if the ambient
gradient is also a power law; in particular, d/dz(gBTw) ~ zZn—Z. Thus
similarity solutions are seen to be possible for power law stratificatioms.
To this point the analysis agrees with that of Batchelor [1].

A convenient evaluation of the functions Ws(z) and Ts(z) follows from

consideration of the local buoyancy integral, the rate at which buoyancy

crosses a given level z, defined by
F = 2 r gBIW- (T-T) + wtlrdr (6)
)

Using equations (3) this reduces to
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from which it follows that F/(WSTSRZ) = constant. This condition and the

previously imposed constraints can be satisfied only if

W_ - l/3,71/3 , T, - F2/3z__5/3 (8



These can be readily recognized as the forms for the neutral ambient case
except for the fact that here F is the local buoyancy parameter and not the

buoyancy added at the source (c.f. Turner [2]).

From the combined constraints it also follows that the local buoyancy

flux and the stratification must be related by
4. d 3/2 .

| F =z [g; gBT,] (9
The various solution regimes are summarized in the table below

Axisymmetric Plume

F ezt gBdTm/démc cz™
Stable n <o < -8/3 c >o0
Neutral n = o m = -8/3 c =0
Unstable} 1 > o m > ;8/3 c <o

Note that as long as equation (8) is satisfied, and as long as the thin shear
flow assumptions which led to equations (1)-(2) are satisfied, the similarity
solutions are valid for both stable and unstable enviromments. Moreover,
since the buoyancy flux is finite for all positions away from the source
for the stable case and since source singularities. do not necessarily affect
‘the asymptotic validity of a similarity solution, Batchelor's disregard for
the stable environment solution appears unjustified.

A similarity analysis for the two-dimensional plume can also be carried

out with the result that US~F1/3, TS~F2/3 z -1 where again F is the local

buoyancy parameter appropriately evaluated. As for the case above, these

are the forms for the neutral environment except now F = F(z).

Comparison With Experiment

An important test of the foregoing analysis is whether or not plume data

in stably stratified environments can be collapsed by equation (8) using the

local buoyancy flux. Beuther [3] (see also Beuther and George [4]) presents

profiles for which the environmental temperature is given by dTw/dz «z .
Profiles of all velocity and temperature profiles to fourth order were taken

using digitally sampled hot wire anemometry techniques. The local buoyancy

flux at each height was determined according to equation (6) and the results

are plotted in figure 1. The measured buoyancy flux is seen to be propor-

tional to zillz as demanded by equation (9), so the basic constraints for a

similarity solution are satisfied.
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Figure 1 — Plots of experimentally determined ambient temperature gradient and
buoyancy integral for axisymmetric plume in stably stratified environment.
Figures (2) and (3) plot the velocity and temperature profiles at five
different heights. The profiles have been non—-dimensionalized by the local
buoyancy flux and the distance to the source according to equation (8).
The data collapse is in excellent agreement with the theory, the scatter

being well within the experimental error.

Discussion

Beuther [3] notes that increasing stratification causes‘the normalized
profiles of both temperature and velocity to become narrower and peak at
higher centerline values than their neutral counterparts. For example,
for the temperature profile Beuther reports a centerline value of 10.4
which can be compared to the value of 9.1 reported by George et al. [5]
for neutral conditions. Similarly, Beuther reports a value of 3.8 for the
velocity compared to the value of 3.4 for the neutral case (George et al.
[51).

Since the early experiments of Schmidt [6] and Rouse et al. [7] there
has been considerable confusion as to what the correct profiles are for
neutral conditions (c.f. Chen and Rodi [8]). These experiments (and most
which followed them) did not directly monitor the rate at which buoyancy
was added at the source and used only the integrated flux determined at
the height of the measurement to normalize the data. As is clear from the

preceeding analysis, such results could have provided adequate collapse,
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Figure 2 - Normalized mean velocity profiles.
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even if the ambients were unknowingly stratified (as can happen very easily
in these experiments). Since collapse in similarity variables was believed
possible for plumes in neutral environments only, it would not be surprising
if small stratification effects were ignored and if a variety of plumes in
power law environments were reported as neutral.

Since the question of what constitutes a plume in a neutral environment
has been raised, it is appropriate before concluding to mention the recent
measurements of Ahmad [9] imn our laboratory which carefully monitored the
source and ambient conditions and verified that the experiment constituted
a plume in a neutral environment. The data were virtually identical to

those of George et al. [5].
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