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Abstract

The utilization of the laser Doppler velocimeter in the measure-
ment of unsteady fluid velocities has been limited by an inability
to separate the Doppler ambiguity phase fluctuations from the
velocity fluctuations.

The results of an exact theory for the effect of the ambi-
guity on the measurement of instantaneous fluctuating velocities
are presented. The ambiguity is seen to arise from the fluctuating
particle velocities, the finite partic¢le transit time through the
scattering volume, and mean velocity gradient across the volume;
it is seen to be unavoidable regardless of the detection scheme
utilized.

Criteria for minimization of the Doppler ambiguity are pre-
sented and conditions for meaningful measurements and data inter-
pretation are established and illustrated with specific examples.

Nomenclature

a initial position of scattering particle

e exponential function

F, G, random amplitudes of Doppler current; defined by
Equations (16) and (17)

Fil turbulence spectrum

g random function which accounts for the presence or

absence of a scattering particle
i total current
i current generated by a single scattering particle
K scattering wavenumber
Ky, m,, n, defined by Equation (9)
k defined by Equation (35)
R

° defined by Equation (30)
Rp pipe Reynolds number based on diameter
R1 defined by Equation (39)
S spectrum of Doppler current
u Eulerian fluid velocity
ut rms turbulent velocity
U, friction velocity
U, defined by Equation (6)
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Y particle velocity

X position of scattering particle

X defined by ®qguation (11)

y! distance from wall

Ao frequency of unity turbulence to ambiguity spectrum

A defined by Equation (18)

Aw defined by Equation (22)

Aw mean velocity gradient braodening

AwL transit time broadening

AQT broadening due to turbulent fluctuations within the
scattering volume

Awu broadening due to center frequency fluctuations

€ rate of dissipation of turbulent energy per unit mass
A wavelength of incident radiation

1) expected number of particles per unit volume

v kinematic viscosity

-]

random phase of Doppler current, defined by
Equation (15)

ci, 02, os standard deviation of scattering volume

e scattering angle
w spectral frequency
50 mean Doppler beat frequency

1. Introduction

In 1964, Yeh and Cummins successfully measured velocity profiles
in a liquid by examining the frequency shift of monochromatic
radiation scattered from particles suspended in the liquid. The
scattered and unscattered radiation was heterodyned on a photocell
producing an electrical signal at the difference frequency.

Since 1964 numerous investigators have attempted to apply the
Laser Doppler Velocimeter to the measurement of unsteady fluid
velocities. These attempts have been inhibited by the presemce of
random phase fluctuations (Doppler ambiguity) inherent in the
scattering process which 'contaminate' the velocity signal.

The application of the Laser Doppler Velocimeter to the
measurement of unsteady flow velocities has been the subject of
extensive theoretical and experimental investigation by George
(1971) and George and Lumley (1972).* This paper attempts to pre-
sent their results and demonstrate their application to particular
flow problems.

2. Representation of the Doppler 3ignal

The Doppler current generated at the photocell by a single
scattering particle may be shown to be given by

2 2 2
y

isp (t) =Ie cos K * % 69
*hereafter referred to as Reference I and II respectively.
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where (x, y, z) = x is the location of the particle with respect
to the center of tHe scattering volume which has been chosen to be
Gaussian with standard deviations o Oyy O (see Figure 1).

I depends on the intensity of the b%ams as well as the scattering
cross-section of the particle. K is defined as the scattering
vector and the coordinate system™is aligned so that K (K, o, o)
where K is given by

© is the scattering angle and A is the wavelength of the incident
radiation,

The position of the particle may be expressed in terms of its
initial position a and velocity history v (a ; t) as
x(a,t)=a+{ v (a, tl) at, (3)
o

Generally, a is a random variable and v (a ,t)is taken as the
material velocity of the fluid point initTally at a., Substitution
of Equation (3) into Equation (1) reveals that the“phase of the
Doppler current from a single particle is fixed by the initial
position of the particle and the time dependence is determined by
the particle velocity.

We may sum over all particles to obtain the total Doppler
current,

2 2 2
bq y z
_ n_ . n_ . n
N(t) 20127 202z 2032 cos K x
i(t) = 2 In e n (4)
n=1

where N(t) is the instantaneous number of scattering particles.
Since the scattering volume is unbounded and, hence, N(t) infinite,
it is more convenient to write

i(t) = f/[ i(t, a) g(a) da (5)

where i(t, a)is the current generated by the particle with initial
position a and g(a)is a delta function with random argument
accounting for thé presence or absence of a particle at a point.

3. The Effective Fluid Velocity

We define an "effective" velocimeter velocity as

u (t) =-L1; /// u(a,t) g(a) w[;g(g,t)]dg ()

where . is the expected number of particles per unit volume and

w x(a tﬂ weights the particle velocities by the amplitude of their
signal 4t any instant. Using Equation (1) and normalizing to unit

volume, we have 2

2 2
x y z
2?32t 2
1 1 2 3
w{gJ = e (7

3/2
(2m) 0,950,

For a finite (off-on) scattering volume this definition of u, (t)
is equivalent to
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N
4 () = = uy Gy (8)

George and Lumley (1972) have shown that if the scattering
volume is significantly smaller than the scale of the inhomo-
geneities of the turbulence, then u (t) is the Eulerian (or flow)
velocity at the center of the scattgring volume to within the
resolution of the scattering volume, Spectral attenuation at high
wavenumbers is caused by the finite size of the scattering volume.
In Figure (2), the wavenumber spectrum is plotted for several

values of the cutoff wavenumbers of the scattering volume defined
as

1 1 1
Ky My D, =( 59, ’ﬁg’ﬁ—?) ©®)
-3

It is easily seen that velocity variations of smaller spatial
extent than the largest dimension of the scattering volume are
significantly attenuated.

In flows with mean velocity gradients, particular attention
must be paid to the restriction regarding the relative sizes of
the scattering volume and flow inhomogeneities. Edwards et al.
1971 have shown that if the velocity profile has appreciable
curvature within the scattering volume, the measured up will be
higher than the velocity at the center of the scattering volume,
This is of particular importance in capillary flows. The
contamination of the measured turbulent velocities in the
presence of a large mean velocity gradient also leads to a
serious problem in the interpretation of the measurements. A
criterion for reliable turbulence measurements in the presence of
a mean velocity gradient may be taken as

0 K — (10)
va
where U/ [Wu| defines a characteristic length for the flow and ©
is the dimension of the scattering volume in the direction of
the maximum gradient.

4. The Spectrum of the Doppler Current

Using Equation (6) we may define an equivalent displacement field

by t
X(t) =f u (t,) dt, (11)
o
The position of a particle may now be written as
t
x(t) =2 + X(t) + l [2 @t - goep)] ary (12)

Using this in Equation (5) we may write the total Doppler
current as

i(t) = F(t) cos K X(t) + G(t) sin K X(t) (13)

r
° i(t) = [Fz + 62]1/2 cos[x X - ¢] (14)
where

-1 G
4 = tan T (15)
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and where F and G are defined by

2 2 2
Sy L+ 2
20‘2 20, < 20, <
1 2 3 ‘
F(t) =ffe cos Kla + A(a ,t)]di (16)
2 2 2
X y zZ
Tt ot —3

o] 20, 20

20 2 3
G(t) = —fffe sin KIa + A(g ,t)]dg (17)

We have defined a deviation function as

t
Aag) = f Juta ) - u e aty (18)
o

It is clear from the definitions that A(a t) will reflect the
presence of velocity variations within thé scattering volume as
well as the effect of a mean velocity gradient.

We are now in a position to evaluate the spectrum of the
Doppler current by choosing appropriate statistics for the
turbulence. By taking the probability density of the turbulent
displacements to be Gaussian it may be shown that (cf. I, II)

-(@ - T )2 /2 [sz + AwZJ
S(w) = e ° : 2 2 2
vo ~@+ 3% /2 [a6? 4 a0?] (19)
where
(30 = K EO (20)

and thus corresponds to the mean velocity;

sz - K2 u'2
u

(21)
where u'2 is the turbulent energy. A®w represents an ambiguous
Doppler broadening, or Doppler ambiguity, and may be shown to be
given by
2 2 2 2
= AwL + AmT + AmG
where Awy represents the effect of the finite transit time of
particles through the beam, Lwp represents the effect of the
displacement deviations across the volume, or equivalently, the
velocity fluctuations within the volume; and Awg represents the
broadening due to the mean velocity gradient. From I and Il we
have

AW (22)

sy = E/f—z'cl (23)

It is clear that 0,/0 is proportional to the transit time of a
particle across thé volume. Also from I and II, if we restrict
ourselves to a small scattering volume (i.e. 01, 92, 03 ~ n where
n is the Kolmogorov microscale of the turbulence) and to small
scattering angle (sin 8/2 ¢ 0.3), we have

by = /2715 K o, (e/n)1/2 (24)

where € is the rate of dissipation of turbulent energy per unit
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mass and v is the kinematic viscosity. (€/v)1/2 is the frequency
characteristic of the turbulent fine structure; thus, A increases
linearly with the highest frequency of the turbulence and the
largest dimension of the scattering volume. Finally, the mean
velocity gradient broadening may be estimated by

ou
AwG =K 3; 02 : (25)
and is seen to increase linearly with the mean velocity gradient
and scattering volume size.

Doppler broadening is also caused by the Brownian motion of
the scattering particles and the non-monochromaticity of the
source; these are usually negligible and will be ignored here,

In a laminar flow with no significant mean velocity gradient,
only Awp, survives and the resultant spectrum from Equation (19) is
shown in Figure (3a). If the flow is turbulent, both A and Aw
are also present and the spectrum would appear as in Figure BuY

Some investigators have suggested that the root-mean-square
turbulent energy is proportional to t he width of the spectrum in
turbulent flow minus the width of the spectrum in laminar flow.
Clearly, because of the presence of Aa%, this is not so.

A criterion for determination of the turbulent energy from
the spectral width might be taken as

A << Ku' (26)

It should be noted that even when Equation (26) is satisfied,
since the spectral width Awy is in general determined by the
second moment of the turbulent displacement field, care must be
exercised in identifying AW, with u', the root-mean-square
velocity fluctuation (cf. I and II1). Equation (21) is strictly
true only when X(t) has a Gaussian distribution.

Before proceeding further, we will illustrate the relative
magnitude of the Doppler ambiguity bandwidths in a typical flow
situation--a turbulent pipe flow. 1In the core region we will
estimate the relevant parameters as follows:

T ~ U, 0u/dy ~ 2"*/D and € ~ 4ux2U/D where U is the centerline
velocity, u, is the friction velocity, and D is the pipe diameter.
Near the wall (viscous sublayer) we may estimate
2 uyd 3 U
' _ * u *

‘v y o R (- e

By substituting into Equations (22 -~ 25) we may estimate the
Doppler broadening. The results are summarized in Table 1 where
we have defined
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Table 1
Core Wall Region
Lo 1 1
o /2—1{01 72 Kol
= Loxo, b D 2 | Lo (&
o q% 1 ‘D o," u D 5 1 1 y
AW o]
G 15 1 -1/2 1
paxony A T B 30 &
T 2 2
We will compute these ratios for the particular case where
5 0. =
RD ~ 10 1= 10 ym
U % _
o ~ 0.04 K =2x 10° mm}
sin 6/2 ~ 0.1 D=0.1m
Using these we have
a. a. O ux
1 1 -4 1
3; ~ 0.1, o~ 10 7, Kcl ~ 20, = ~ 0.4

Substituting into Table I, we obtain the values of Table II.

Table I1I
Core Region Wall Region (at yux/v = 1)

AW,
= 3 x 1072 3 x 1072
®

o
A .
Ez_'l‘: 2 x 107} 2 x 10!
Jatey)

G -2
Em; 10 0.5

For the parameters chosen, it is clear that in the core
region the mean velocity gradient broadening is negligible; the
transit time broadening is greater than the turbulent broadening
by a factor of five.

Near the wall, however, the mean velocity gradient broadening
and the turbulent broadening are nearly equal and are much
greater than the transit time broadening. The ratio AwW/T_  is
nearly unity rendering measurement impossible by the critgrion of
Equation (26) since u'/4 ~ 0.3. Also, since Ojux/v ~ 0.4, the
criterion of Equation (10) is not satisfied.

From Equations (22 - 25) it is easy to show that an optimum
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volume size exists which minimizes the Doppler ambiguity bandwidth
AW, If there is no mean velocity gradient, the optimum size is

attained when AwL = AwT, or when
1/2
u 2 € :
o = / 853 K02 (V) (27)
1
For small scattering angle

g

Iy ~ 2 (28)
sin -

2
Hence the optimum scattering volume size is given by

/IE sin g
02= u

v — (29)
2 €
1 K(v)l/z
Defining
2T 0
R = 35X (30)
(to be consistent with I and II) and using the Kolmogorov
microscale n defined by
3 1/4
we obtain
%
__9%]"_3.‘2‘3.“1 0.56 (R sin g) 1/2 (32)

Applying this to the core region of the example above we
find that the optimum volume size for this flow is

01 ~ 20um
or about double the value we chose in the example.

A similar optimization can be carried out in the wall region
where here the goal is to reduce the mean velocity gradient and
turbulent ambiguity while increasing the transit time ambiguity
until the minimum value of AW is reached. 1In the example this
clearly will involve a reduction in scattering volume size. 1In
general, the same scattering volume will not be an optimum over
the entire flow to be investigated.

5. The Measurement of Instantaneous Velocities

A typical detection device removes the amplitude information
yielding a signal proportional only to frequency, say w;, where

® =K u(t) -3 (t) (33)

From Equations (16) and (17), it is easily seen that F and G
are random variables because of their dependence on a; hence,
from Equation (15), 4 is also random as is 4 (t). This the
detector responds, not only to the velocity fluctuation uo(t),
but also to the random phase fluctuations 3 (t).

Using the fact that F and G are nearly Gaussian if there is



96 Measurements of velocity in the industrial environment

a sufficient number of scattering particles (say u 01 05 03 > 10),
George and Lumley (I and II1) were able to predict the statistics
of ¥ (t); in particular, the spectrum of % (t). The spectrum of
4(t) at zero frequency was shown to have a value equal to the
total Doppler bandwidth Aw. The spectrum was also shown to be:
almost flat to a frequency of about Aw and to fall as inverse
frequency thereafter. These predictions were confirmed by
experiment.

Since the Doppler ambiguity fluctuations # have such a broad
spectrum (Aw is generally well above the highest frequency of the
turbulence), the velocity signals, us(t), are contaminated at all
frequencies - the degree of contamination depending on the
relative spectral heights of the turbulence and ambiguity spectra.

If we call the frequency at which the turbulence spectrum
and the ambiguity spectrum intersect the cutoff frequency, o

then o’
o — A
Fl, (=) =T % (34)
2

where Fil (o) is wavenumber spectrum of the turbulence and Taylor's
hypothesis has been used to write the frequency explicitly. By
defining the cutoff wavenumber ko as

(o4

k, = _g (35)
u

and nondimensionalizing by Kolmogorov variables € and v, we may
write

1 * )y =4 Aw €—1/4 V—5/4

Fii1 <z

38)

Using the R defined in Equation (30) and the definition of the
Kolmogorov microscale n, we may write

Fl, () = 2.53 x 1072 g2 [é_ﬂ] (37)

u

~1 ~Figure (4) shows a plot of Pao's spectrum for the turbulence
Fll(k) along with plots of the Doppler ambiguity spectra for the
particular case Awn/U, /2, The points of intersection of the
curves determine the k0 of Equation (37) and thus the limit of
measurement .

If we again ignore mean velocity gradients and optimize the
scattering volume as in Equation (32) to minimize A®w, we may use
Equation® (37) and Pao's spectrum to calculate the maximum wave-
number to which the spectrum can be measured. Under these
conditions we may easily show that

~1 -2 3/2
F11 (ko) = 4.27 x 10 Rl

represents implicitely the maximum cutoff wavenumber where

(38)

_ R

Ry = 3 (39)
(gin 4
2,

A plot of this maximum wavenumber (wavenumber at which turbulence
spectrum and ambiguity spectrum are equal under optimum conditions)
is shown in Figure (5) as a function of Ry.
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For the core region cof the pipe floy considered above

Ry = 6.75. From Figure (5) the highest k, that can be measured is

~ 0.2, Thus the frequency at which the turbulence spectral
n8ight is equal to the height of the ambiguity is about one fifth
of the frequency corresponding to the Kolmogorov microscale, .
Clearly, measurement in the dissipative range of the turbulence
is impossible in this situation. A similar calculation’ can be
performed near the wall where here the mean velocity gradient
broadening must also be considered.

Since the Doppler ambiguity fluctuations are uncorrelated
with the velocity fluctuations, a certain amount of subtraction
can be carried out as shown in the data of Figure (6) taken from
References I and II. Care must be exercised to ascertain that
the turbulence has not been attenuated by the size of the sampling
volume as described in Section (3). Figure (7) shows a plot of
both the wavenumber of unity turbulence to ambiguity spectral
heights and the wavenumber of half power attenuation. We have
chosen sin 6/2 = 0.145 and have used the optimum scattering
volume of Equation (32).

6. Two Point Velocity Correlation

If two point correlations are performed using two independent
velocimeters with non-overlapping scattering volumes, the Doppler
ambiguity fluctuations are uncorrelated and only the velocity
correlation is obtained. Consequently two point velocity
correlations are possible and are independent of the sources of
Doppler broadening.

7. Summary and Conclusion

The Doppler ambiguity has been shown to provide a major limitation
on the use of the laser Doppler velocimeter in unsteady flow
measurement. The ambiguity arises primarily from the finite
transit time through the scattering volume, the turbulent velocity
fluctuations within the volume, and the mean velocity gradients
across the volume,

It should be pointed out that the Doppler ambiguity is un-
avoidable in single point measurements regardless of the detection
system used. '
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